The motion of a single bubble rising freely in quiescent non-Newtonian viscous fluids was investigated experimentally and computationally. The non-Newtonian effects in the flow of viscous inelastic fluids are modeled by the Carreau rheological model. An improved level set approach for computing the incompressible two-phase flow with deformable free interface is used. The control volume formulation with the SIMPLEC algorithm incorporated is used to solve the governing equations on a staggered Eulerian grid. The simulation results demonstrate that the algorithm is robust for shear-thinning liquids with large density ( 1 / g up to 10
Introduction
In diverse gas-liquid systems the gas is frequently dispersed as bubbles in the liquid by means of a sieve plate or a perforated plate such as in bubble column reactors, fermentation, mineral processing, petrochemical processes. It is highly important to obtain the knowledge of bubble behavior not only in a Newtonian continuous phase but also in a non-Newtonian one, because the investigation on bubble motion provides useful and essential information for realizing suitable process design and operation. It is well known that a large number of investigations concerning various aspects of the bubble or drop motion in non-Newtonian fluids have been reported theoretically and experimentally in the past. Many of them have been well summarized and reviewed by Chhabra [1, 2] and Kulkarni and Joshi [3] . Nevertheless, in comparison to the study of the bubble or drop motion in Newtonian fluids, various unanswered questions and problems still remain to be considered in non-Newtonian fluid systems due to the inherently complex nature of the non-Newtonian fluids. The above-mentioned studies are mostly based on experiments.
Numerical analysis has become a powerful tool for comprehending and revealing the details of flow structure and mechanism, because some essential physical information peculiar to non-Newtonian fluids, such as the local effect of shear-thinning on bubble motion and mass transfer, can be locally obtained and evaluated by numerical techniques, but hard to be retrieved from experiments. The knowledge of shear-rate and the resulting stress distribution in aerated non-Newtonian liquids are important for determining whether a bioreactor is suitable to handle shearsensitive biosystems [4] . In the recent literature, few attempts have so far been made to analyze numerically the drop or bubble behavior in non-Newtonian fluids. Kishore et al. [5] carried out the numerical investigation to obtain the steady state drag coefficients and flow patterns of a single Newtonian fluid sphere sedimenting in power-law liquids using a finite difference method based SMAC implicit solver on a staggered grid and proposed a simple correlation for the total drag coefficient, which can be used to predict the rate of sedimentation of fluid sphere in power-law liquids. Tsamopoulos et al. [6] simulated the rise of a bubble in a Newtonian or a viscoplastic fluid for a wide range of material parameters based on the mixed finite element method coupled with a quasi-elliptic mesh generation scheme in order to follow the large deformation of the physical domain. Wagner et al. [7] developed a new lattice Boltzmann method to simulate a bubble rising in a viscoelastic fluid with constant viscosity. Pillapakkam and Singh [8] conducted a numerical investigation of bubble and drop behavior in viscoelastic flows with constant viscosity using the level set method. Ohta et al. [9, 10] explored both experimentally and numerically the motion of a Newtonian, spherical and deformable drop rising in shearthinning fluids using the VOF method. Radl et al. [11, 12] Newtonian fluids and associated mass transfer using first principle methods. As the stability of numerical schemes depends strongly on the ratio between liquid and gaseous phase densities and viscosities, the above investigations [7, 8, 11, 12] represent the bubble using a Newtonian drop of low density. That is, the density and viscosity ratios of liquid over gas phase were up only to 10, which was much lower than that in real cases ( l / g ∼ 10 3 and Á l /Á g ∼ 10 4 ). In this study, the motion of a single bubble rising freely through generalized Newtonian fluids is computed numerically using a level set method for tracking the bubble interface. The changes in the local viscosity field around a bubble rising in shear-thinning nonNewtonian fluids such as Carreau fluids are examined. Real density and viscosity ratios of gas and liquid are used to describe the shearthinning non-Newtonian two-phase flow systems.
Mathematical models and simulation methods
The motion of a single bubble rising driven by buoyancy in an immiscible quiescent liquid is considered with the following assumptions: (1) the fluids in both phases are incompressible; (2) the two-phase flow is axisymmetric and laminar; (3) the two-phase flow is isothermal. The computational domain is sketched in Fig. 1 . To prevent the rising bubble from escaping out of the computational domain, the computational domain extends upstream and cuts short downstream the bubble with the same bubble velocity.
Governing equations
In the level set formulation, the transient motion of the bubble can be expressed by the continuity and Navier-Stokes equations as follows:
where u is the velocity vector, P the pressure, the density, is surface tension, g is the gravity and the stress tensor. For Newtonian fluids the stress tensor is =2D, and the strain rate tensor is
Constitutive equation for continuous phase
The stress tensor for a generalized non-Newtonian inelastic fluid is expressed as
where the apparent viscosity Á(˙ ) is dependent on the shearrate and the rate-of-strain is:
Once the local shear-rate is calculated at each nodal point in the computational domain, the field of˙ can be reconstructed.
The constitutive equation of a purely viscous non-Newtonian fluid can be expressed by the Carreau-Yasuda shear-thinning model [13] :
where Á 0 and Á ∞ are the viscosities corresponding to the zero shear-rate and the infinite-shear rate, respectively, is the inelastic time constant, n is the power-law index, andˇis a dimensionless parameter describing the transition region between the zero shearrate region and power-law region. In practice,ˇis close to 2 and Á ∞ is small, and therefore Eq. (6) reduces to
Note that a Newtonian fluid can be recovered as a special case of the present Carreau fluid by letting n = 1 and/or = 0, and a powerlaw fluid can be obtained by assuming a large .
Since the fluid viscosity varies as a function of shear-rate, the first problem in developing the drag curve is the definition of Reynolds number since it is related to both liquid viscosity and bubble velocity. The ideal definition of the Reynolds number should satisfy the following requirements [9] : (1) the shear-thinning effect is reflected in the Reynolds number, and (2) the Reynolds number for a shear-thinning fluid reduces to that for a Newtonian fluid if the shear-thinning effect vanishes. Re M is thus defined by introducing 2U T /d e (where U T and d e are the terminal velocity and the volume-equivalent diameter of a bubble or drop, respectively) as a representative shear-rate in the system:
with
where CÁ 0 means the effective viscosity of the system. If C = 1.0, the bubble motion can be regarded as that in a Newtonian liquid.
Level set approach for fluid flow
A smooth scalar function denoted as is introduced into the formulation of a multiphase flow system to define and capture the interface between two fluids, which is identified as the zero level set of the level set function defined on the entire computational domain. The function is chosen as the signed algebraic distance to the interface, being positive in the continuous fluid phase and negative in the bubble. The following Hamilton-Jacobi type evolution equation [14] can be used to advance the level set function exactly as the bubble moves:
After introducing the level set formulation, the motion in two separate domains for two immiscible fluids may easily be formulated as a single one.
The curvature of free surface Ä( ) is expressed as
where n is the unit vector normal to the interface pointing towards the continuous phase, and ı ε ( ) the regularized delta function defined used in Eq. (2) is
where ε prescribes the finite "half thickness" of the interface. We take ε = 1.5 z, where z is the dimensionless uniform mesh size near the interface. H ( ) is the regularized Heaviside function expressed as
for avoiding the sharp change in pressure and diffusion term at the interface due to large density and/or viscosity ratios. Thus, the density and viscosity of the two phases are written as
The level set function is advanced with the local liquid velocity at each time step. Maintaining as a distance function is essential for providing the interface with an invariant bubble volume, but becomes gradually deviated from the distance function (i.e.,| | / = 1) after some iterations. This problem can be resolved by adopting a reinitialization method proposed by Sussman et al. [15] to keep the solution accurate and maintain mass conservation of the bubble by solving the following problem to steady state in a virtual time domain:
where is the virtual time for reinitialization, 0 (z) is the level set function at any computational instant, and sgn ( 0 ) is the sign function for enforcing = 1. Eq. (16) has the property of making remain unchanged at the interface, so the zero level set of 0 and is the same. Away from the interface will converge to | | = 1, i.e., the actual distance function. In this paper, the area-preserving reinitialization procedure by Yang and Mao [16] for is coupled with Eq. (16) to guarantee the mass conservation by solving a perturbed Hamilton-Jacobi equation proposed by Zhang et al. [17] to pseudo-steady state in each time step. The improved reinitialization procedure can maintain the level set function as a distance function and guarantee the bubble mass conservation.
Boundary conditions
The boundary conditions at the axis (AD) and wall (BC) are as follows (refer to Fig. 1 ):
The bottom and top of the computational domains (DC and AB) are subject to the following conditions:
Computational system
The control volume formulation with the SIMPLEC algorithm [18] incorporated is used to solve the governing equations and the level set evolution equation. The power-law scheme is adopted for the discretization of the governing equations in a staggered non-uniform grid with more cells allocated densely near the interface. In order to ensure variables more accurately interpolated and resolved, a double fine grid is also applied. The detailed numerical method and technique were described by Sussman et al. [15] and Yang and Mao [16] . In the initial set-up, a spherical bubble with radius R is set in the middle of the z-axis and the computational domain with H = 40R and L = 15R is wide enough to avoid the wall effect. Both the liquid and the bubble are assumed to be stationary at the initial state. In this simulation, the mesh sensitivity test was performed by simulating the bubble rising under the same conditions (d e = 3.832 mm, n = 0.9, = 0.207 s, Á 0 = 0.122 Pa s and Re M = 6.65) using different sized background meshes to ensure the numerical results independence of computational meshes. The effects of mesh size on predicted terminal bubble shapes are shown in Fig. 2 . Nonuniform grids (H × L) of 224 × 97 (grid 4), 252 × 107 (grid 3), 340 × 127 (grid 2), 380 × 147 (grid 1) (the last is referred to as the fine one) were tested for the simulation. A grid with 340 × 127 nodes is considered sufficient for spatial computational accuracy, and adopted for the subsequent simulations.
Experimental
The experiments in this work were conducted under atmospheric pressure. A schematic of the experimental apparatus is shown in Fig. 3 . To help visualizing the motion of gas bubbles, a Lucite column was constructed. It is square cross-sectioned (side length 0.21 m) and 0.6 m high, and the column is thought large enough so as to minimize the wall effect [1] .
The general procedure for a series of experimental runs is as follows: the viscous liquid that had been sufficiently exposed to room temperature was put into the column. With the help of a precision syringe pump (Harvard microprocessor multiple syringe pump, USA) enabling accurate control of gas flow, air at room temperature was introduced at a low rate and single bubbles were formed at a stainless steel nozzle with a flat opening. The nozzle was located at the center, 3 cm above the bottom. Various nozzles with different inner diameters were used to generate single bubbles with desired sizes. Time interval between subsequent bubbles was sufficiently long (>100 s) to minimize the mutual influence between successive bubbles. Since the single bubbles in the present experiments were roughly spherical and axisymmetric, rising rectilinearly, the images of rising bubbles were recorded using a single high-speed CCD camera (LG CCD GC-145C-G, Korea) with the shutter speed variable between 1/60 to 1/100,000 s. The instantaneous positions of a bubble was read out from each frame of images with the resolution of 752 × 582 pixels against a precision scale along the column wall. The local velocity was calculated by a frame-to-frame analysis of successive images using imaging software (Photoshop 8.0). We assumed that the velocity was terminal when it remained constant (within 5%) in at least five consecutive frames.
Sodium aqueous carboxymethyl cellulose (CMC) sodium salt, sodium hydroxyl-ethyl cellulose (HEC) and xanthan gum (XG) solutions were used as the ambient shear-thinning liquids (continuous phase). Solutions were maintained at 21 • C during the experiments. The liquid densities were measured using a balance hydrometer and none were found to be significantly different from that of water because the concentration of these polysaccharides is very low. The surface tension of each mixture was measured with a tensiometer by the du Nouy Ring method. The surface tension of the solution did not change significantly as a function of polysaccharides concentration within the concentration ranges used in this study and remained close to that of water (7.2 × 10 −2 N m −1 ).
Results and discussion

Bubble shape and rising velocity in Newtonian fluids
In the past decades, many experimental studies were focused on the motion of bubbles and drops. The main practical interest is the determination of the fluid particle shape and terminal velocity at steady state motion. The predicted bubble shapes and terminal steady state conditions are compared with the experimen Fig. 3 . Schematic diagram of experimental setup. tal results reported by Bhaga and Weber [19] . Their experimental results were presented in the terms of Eotvos number (Eo = d 2 e l g/ ), Morton number (Mo = g 4 l /( l 3 )) and Reynolds number (Re = l Ud e / ). The comparison of steady-state cases in Table 1 indicates good agreement between computational and experimental results. These simulations suggest that our method is effective for investigating the motion of a bubble with very steep gradients in density and viscosity across interface under the laminar flow conditions using an Eulerian grid. The method provides the basis for further investigation of non-Newtonian fluids. The physical properties of air are g = 1.2 kg m −3 and Á g = 1.8 × 10 −5 Pa s. Fig. 4 shows the representative apparent viscosity vs. shear-rate data for some test fluids measured using a Brookfield Viscometer (DV-III) at ambient experimental temperature. The Carreau model Eq. (7) is fitted to the experimental data, which is represented in Fig. 4 by full lines. The other solutions studied are not plotted for better visualization. All the solutions exhibited a shear-thinning behaviour. The parameter values of the Carreau model and other physical properties under test conditions are listed in Table 2 . In this study, the terminal rising velocity of air bubbles in 5 nonNewtonian liquids with shear-thinning property are determined and these bubbles are simulated using the present numerical program. Table 3 shows the numerical and experimental results for a single bubble rising freely in pure shear-thinning non-Newtonian solutions. The calculated terminal velocities are in close agreement with the present experimental values with the relative deviation below 10%. The satisfactory agreement indicates the validity of numerical procedure for the numerical simulation of a single bub- ble rise in a shear-thinning non-Newtonian continuous phase. In these shear-thinning solutions the apparent viscosity around the bubble decreases due to the shear, so the bubble can rise more and more easily. It is interesting to note that the zero-shear viscosity of CMC2 and XG is roughly equal (Table 2 ), but U T of the bubble in XG is much larger than that in CMC2, since XG has stronger shearthinning property and the liquid around the bubble thus becomes less viscous. Hence, understanding the viscosity distribution over the whole domain is important to elucidate the bubble behaviors in shear-thinning non-Newtonian liquids. 
Bubble rising in shear-thinning non-Newtonian fluids
Viscosity distribution around a bubble
It is difficult to explore the distribution of viscosity by experimental techniques. However, the local viscosity change around the bubble can be derived in detail from the numerical results. In this study, the shear-thinning liquids whose properties are shown in Table 4 are tested in order to elucidate the shear-thinning effect on bubble rising. The numerical results are also listed in Table 4 . The gas-related physical properties of the systems are g = 1.2 kg m −3 , Á g = 1.8 × 10 −5 Pa s and = 7.2 × 10 −2 N m −1 . Fig. 5 shows the viscosity distribution (non-dimensionalized by Á 0 ) around a bubble for systems 1 through 6. The colorbar shown at the right of the figures depicts the range of reduced apparent viscosity around the bubble. The real shape of the bubbles is also displayed in Fig. 5 . System 1 corresponds to the bubble rising in Newtonian fluid with the same zero shear-rate viscosity and the viscosity around the bubble is constant. As for systems 2 through 6, the viscosity around the bubble varies in correspondence to the bubble shape and the shear-thinning property of the liquid, and the degree of the decrease in viscosity is the largest in close vicinity to the bubble. The change in viscosity becomes gradually drastic from system 3 to system 6, showing that a confined region with high viscosity exists in the wake of these bubbles and it becomes finally detached from the bubble rear surface. As seen in Table 4 , it is obvious that U T (or Re M ) increases gradually due to the stronger shear-thinning effect. The bubble can rise faster due to the large extent of decrease in viscosity around the bubble. Obviously, the bubble shape in the shear-thinning non-Newtonian fluid differs much from that in the Newtonian case. As the shear-thinning effect becomes intensive gradually, the bubble takes the more oblate shape, with the front surface flatter than the rear part.
As the apparent viscosity of the shear-thinning fluids decreases due to the increased shear-rate˙ ,
its distribution, which can be calculated from the predicted velocity field u, sheds light for understanding the local apparent viscosity. As shown in Fig. 6 , the shear rate distribution around a bubble in the Newtonian (Fig. 6a ) and non-Newtonian (Fig. 6b) liquids is similar when the shear-thinning effect is weak and the Reynolds number is small. However, a larger area of higher local shear rate at the bubble nose in Fig. 6b can be observed in the shear-thinning liquid than that in Fig. 6a , as a joint effect of shear-thinning property and a larger Re M in Fig. 6b . As demonstrated in Fig. 6c-f , a region of much lower shear-rate is at the rear of the bubble, which corresponds to a much higher viscosity region in the wake of the bubble. In these strong shear-thinning cases, the topology of shear rate distribution resembles its counterpart viscosity distribution in Fig. 5 . As the shear-thinning effect becoming stronger in Fig. 6e and f, the low shear region even becomes isolated amid the wake, detached from the bubble rear. It indicates clearly that there exists a higher shear-rate region in front of the bubble and a streaming toroidal one at the outer region in the wake, where the viscosity is subject to drastic decrease correspondingly. In Fig. 6 , the shear rate has been non-dimensionalized with the respective maximum value of˙ in the flow field to show the pattern of variation.
Although the viscosity of shear-thinning fluids is not directly related to the liquid velocity field, it provides the relevant information for understanding the distribution of the apparent local viscosity. The flow field in the fixed reference frame around a bubble is shown in Fig. 7 . The velocity distribution around the bubble rising in the Newtonian fluid is classical: the rising bubble pushes the liquid upwards in front of it and the liquid flows back into the bubble wake, and a toroidal vortex is formed on the side of the bubble with approximate fore-aft symmetry (Fig. 7a) . The flow is quite similar in the non-Newtonian cases despite its shear-thinning feature, but the vortex appears with increased shear-thinning effect and is pushed farther behind the equatorial plane (Fig. 7b and c) . The flow field shows significant velocity gradient in front of the bubble, which corresponds well to the high shear-rate region at the front. These velocity fields are similar to the flow visualization with the help of a 3D PIV (Particle Image Velocimetry) system by Funfschilling and Li [20] .
It is also interesting to view and analyze the flow field in the reference coordinate system moving with the bubble. The relative velocity in the liquid domain is given by u R (z) = u(z) − iU bubble (18) with the rectilinear bubble rising velocity calculated as the average over the whole bubble surface˝:
The integration is carried out along the bubble surface which corresponds to the zero set of the level set function. The procedure of numerical solution has been presented previously by Wang et al. in detail [21] . The field of relative velocity around the bubble is presented in Fig. 8 as velocity vector maps.
The flow pattern around the nose of the bubbles is similar for the 2 cases, and the magnitude of velocity gradient varies moderately. The more significant difference appears in the bubble wake. It is obvious that the wake region is enlarged as the value of Re M increased gradually from However, it is difficult to discern if there is a circulating vortex in the wake or not.
It is easier to observe and analyze the flow structure by the streamline maps for the 5 non-Newtonian cases in Table 4 . The stream function is dimensionless, based on far upstream velocity normalized to unity using U T and the coordinates nondimensionalized with d e . These streamline maps are presented in Fig. 9 together with that for the bubble with the same value of Re in a Newtonian liquid, in an attempt to distinguish between the effect of shear-thinning property and that of increase of Re M . The simulated bubble in the Newtonian liquid has the same bubble diameter d e , terminal velocity U T and liquid density 1 as that in shear-thinning non-Newtonian liquid. However, the liquid viscosity is smaller than the zero shear-rate viscosity of the shear-thinning liquid, so as to make Re = Re M . There is no circulation in the wake in Fig. 9b(top) for the shear-thinning non-Newtonian liquid because of a high viscosity region attached closely in the bubble wake (Fig. 5c) . It is easily observed that a circulating vortex appears in Fig. 9c(top) , which is difficult to recognize in Fig. 8b . When there is a circulating vortex in the wake, a secondary vortex appears inside the bubbles, despite the fact that the bubble becomes flatter as Re M increases gradually. Only with its presence, the vortices in the wake and in the bubble become compatible with the main convective flow passing the bubble. For systems 4, 5 and 6, the wake length increases progressively as Re M increases, and roughly matches the length of the low viscosity region in the wake in Fig. 5d through 5f . Also noticed is the fact that at the same value of the Reynolds number, the aspect ratio (the maximum axial dimension/the maximum lateral dimension) of the bubble in non-Newtonian liquid is visibly smaller than that in Newtonian liquid, due to the shear thinning effect.
Comparison with reported results
Ohta et al. [10] investigated the Newtonian drop (silicone oil) flow in a shear-thinning fluid (sodium acrylate polymer, SAP) with the Carreau-Yasuda model Eq. (6) and the VOF (Volume-of-Fluid) method. In this work the level set method for tracking the interface is used to simulate the motion of a drop in shear-thinning nonNewtonian liquids and the predictions are compared with results of Ohta et al. [10] . The values of the Carreau-Yasuda model and Table 5 and Table 6 separately.
Figs. 10-12 compare the predicted viscosity distributions with those in ref. [10] for a drop rising in a SAP (sodium acrylate polymer) solution. In Figs. 10 and 11 , the red area corresponds to the zero shear-rate viscosity, and the blue area denotes the low viscosity region around a drop (silicone oil with a constant value). In Fig. 12 , the dark-green area corresponds to the zero shear-rate viscosity (0.0260 Pa s), and the red area is the viscosity of the drop with a constant value. As a common trend in the viscosity distribution, the decreasing of viscosity at the front of a drop radiates from the drop, and the viscosity behind the drop decreases along the downstream flow. It can be verified that the computed viscosity distributions by VOF and the present level set method agree well qualitatively with each other. Table 7 compares the results obtained from ref. [10] based on the VOF method and from this simulation using the level set method under a number of experimental test conditions. It can be found [10] and (b) level set method.
Table 6
Experimental cases and their physical properties [10] . [10] and (b) Level set method.
from Table 7 that Re M values based on the level set method are consistent with those obtained by Ohta et al. Scrutinizing the VOF results in Figs. 10-12, some flow structures of minor scale are observed around the drop surface. It is some kind of so-called "parasite flows" [22] , probably arising from inaccurate account for the interfacial force. However, neat flow structure is obtained from our simulation without any interfacial disturbance. In our method, the "parasitic" surface flow is suppressed by adopting a double fine grid for simulating the motion of drops and bubbles and advancing the deformable interface for each time step starting from the interface instead of the boundary of the computational domain [16] .
Concluding remarks
In this study, the motion of a bubble rising freely through shear-thinning fluids represented by the Carreau model has been experimentally and computationally investigated. An improved level set method is used to simulate the motion of deformable gas bubbles on a staggered Eulerian grid. The numerical method is proved robust and effective for simulating the rise of single air bubbles through a few shear-thinning solutions with the Reynolds number up to 340. The comparison of simulation of shear-thinning liquids with the present and literature data shows satisfactory agreements for bubble terminal shapes and Reynolds numbers in a wide flow regime. [10] and (b) Level set method.
For shear-thinning non-Newtonian liquids, the model parameter n, the power law index, has considerable influence on the bubble rise motion. The viscosity around the bubble decreases considerably as n becomes small, and as a result, the bubble can rise easily through the shear-thinning liquid and the Re has a larger value than that for Newtonian liquids with the same zero shear-rate viscosity.
The flow structure around a bubble becomes deviated qualitatively from that typical in Newtonian fluids as the shear-thinning property becomes more significant. Behind the bubble a region of wake with high viscosity is observed, leading to the formation of two separated zones in the vortex-shedding regime that may influence the transport of dissolved gas in the wake.
The current computational scheme is expected to provide a sound basis for further investigation on the bubble motion in viscoelastic fluids and the gas-liquid mass transfer in non-Newtonian liquids.
